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We generate non-linear representations of the Lorentz Group by unitary transformation over the 
Lorentz generators. To do that we use deformed scale transformations by introducing momentum- 
depending parameters. The momentum operator transformation is found to be equivalent to a 
particle momentum transformation. The configuration space transformation is found to depend on 
the old momentum operator and we show that this transformation generates models with two scales, 
one for the velocity (c) and another one for the energy. A Lagrangian formalism is proposed for 
these models and an effective metric for the deformed Minkowski space is found. We show that the 
Smolin model is one in a family of doubly special relativity. Finally we construct an ansatz for the 
quantization of such theories. 
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I. INTRODUCTION 

There are several theoretical reasons to establish a new 
physical and fundamental scale of nature that vi^ould en- 
able us to explore deep into the transition threshold be- 
tween general relativity and quantum mechanics Q. 
One of those reasons is to come closer to a theory of quan- 
tum gravity QG Traditionally, the Planck's length 
Lp — \JhG jf? has been postulated as a fundamental 
scale. However, there are other ways to explore this sec- 
ond invariant scale. These are called deformed special 
relativity (DSR) models and can considered a theoretical 
hmit of some larger theories of Quantum Gravity (QG) 
01 • DSR models are being outlined as a phenomenolog- 
ical description of presently unknown quantum gravity 
effects 0. Those models are initially thought as a way 
of modifying the dispersion relations of relativistic par- 
ticles without introducing a preferred frame. This modi- 
fications have been used to look into CPT/Lorentz sym- 
metry violations Q and provide possible explanations of 
resulting baryon asymmetry in cosmology without using 
the Sakharov's conditions [7|. 

In recent years many aspects of DSR models have been 
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studied and some of them are still the subject of research 
01, however there is no consensus about which is the 
position space associated with these theories. 

In this work we present a method to construct some 
DRS models, applying deformed scale transformations 
to the Lorentz generators. In doing this, a non-linear 
representation of the Lorentz group arises which, in 
turn, leaves the Heisenberg algebra unchanged. The 
scale transformations are introduced by deforming a 
momentum-dependent scale parameter. These transfor- 
mations are carried out on the quantum operator instead 
of on the eigenvalues, as it is usually presented in the 
literature Q . We show the equivalence of these two ap- 
proximations. 

This work is organized as follows: in Sec. II some 
generalities about the Lorentz group are presented. In 
section III the deformed scale transformations of the mo- 
mentum and position operators are calculated and in 
section IV the non linear Lorentz transformation is ap- 
plied to both the momentum and position operators. The 
new dispersion relations are found and the two scales are 
shown explicitly for these theories. Finally, in section V 
the equivalence between the transformation on the mo- 
mentum operators and on the momentum of the particles 
is proven and some particular cases are analyzed. 
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II. GENERAL CONSIDERATIONS 

It is well known that the angular momentum opera- 
tors can be written as a function of the momentum and 
position operators as follows 

M"/' = i(p°a;'^ -/a;"). (1) 

They are the boosts and rotations generators and satisfy 
the Lorentz algebra 

-i {gauMi3^_, + gi3f_,Ma„ ~ gaf^MfSi, - gi3„Maf,) , (2) 

this algebra is a consequence of the more fundamental 
Heisenberg algebra 

[x°',x^] = 0, [p",/] = 0, [p°',x'^] = z.g"^. (3) 

The set of AI matrices in ([IJ are the generators of an 
unitary representation of the Lorentz group. 

A = exp(ia;„^M"'^/2). (4) 

We can find other unitary representations for the 
Lorentz group applying an unitary transformation to the 
group elements 

A^A = t/At/^ (5) 

which implies the transformation on the generators 

M^M"'^ = t/Af"'^C/t. (6) 

these new generators satisfy the same Lorentz algebra 
©• 

It is clear that if U and the M's commute, these repre- 
sentations are actually the same. Thus, in order to find 
other non trivial equivalent representations, U must not 
be a Lorentz scalar. That transformation on the gener- 
ators is carried out by the transformation on the basic 
operators 

^ = L/p"C/t, (7) 
= t/x"C/t, (8) 

which, as stated, preserve the Heisenberg algebra. We 
can build non standard representation of the Lorentz 
group using an adequate operator U. In this paper we 



will construct such representation, starting with the or- 
dinary scale transformation on the basic operators but 
using a parameter that depends on some components of 
the momentum operator in order to prevent U from be- 
ing a Lorentz scalar. This is not a new idea; in fact the 
Magueijo-Smolin model jlj is generated in this way, but 
constructed in the momentum representation. We will 
extend that procedure for the quantum field operators. 

III. DEFORMED SCALE TRANSFORMATIONS 

Let us now build the ordinary scale transformations in 
order to gain the necessary insight and learn how they 
can be deformed. The finite scale transformation is given 
in equation ([7]) with U — exp{eD) are 

= e'°p°'e-'°, (9) 

where e is a parameter and D is the dilatation operator 
given by 

D = ipc.x"' + c, (10) 

with c some constant. The Heisenberg algebra (jSj implies 

[D,x"]^~x". (11) 

The ordinary scale transformations mean that e is a 
constant and the transformation ([9]) can be reduced to 
p" — e'p"; in this case and since M"^ commutes with 
D, we have A = A. 

In order to avoid the usual scale transformation one 
can propose that e does not commute with the M"^, 
although it should indeed commute with p". This can 
be done by choosing e as a function of p and not Lorentz 
invariant. In this case we obtain one class of deformed 
scale transformations. 

We will work with the scale parameter e as an homo- 
geneous function of degree s in p, that is 

e{ap) = a^e(p), (12) 

where a is a constant. Now e has dimension s and we 
have 

[D,e]=se, (13) 

where the operator D is given in (fTO)) with Re c = 2+s/2, 
in order to make eD anti Herniitian or equivalently, U 
unitary. 
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A. Deformed Scale Transformation of p and x 



Pn = nan-1, 



(22) 



The expression ([9]) can be written, using a Hausdorff 
expansion, as 

" [(ei?)("),p"l 



n=0 



(14) 



where |. . . | is the multiple commutator defined by the 
recurrence relation 



' il J 7 



(15) 



with the initial condition [A'^'^^ _B] = B. Proposing 
|(ei:»)("\p"l = 6l„e>" and using ^ we find 6,,+! = 
(ris + l)6m with the initial condition 9q = 1, this gives 



= (-l)"s'^ 



(-1/s-n)! 



(16) 



Introducing p6p in ([T^ and adding all the terms, we 
have 



= (1 - se)-i/''p". 



(17) 



In the simplest case, s = 0, we obtain p" = e'^p" as 
expected when e is a constant; nevertheless in ()17p with 
s = e can be a function of p. 

Similarly, the transformation of x is performed via a 
Hausdorff expansion for ([8]) which now reads 



(18) 



In general the n-th commutator can be parametrized as 
!(£/?)(") , x^] = a„e"x" + z/3„e"-ie"Z?, (19) 

where 

9e(p) 



e" = i[x",e] 



dpo 



(20) 



From (IT5|l in (IT^ we obtain the recurrence relation 
On+i = (ns - 1)q;„, 



/3n+i = [(n - l)s - 1]/?™ + Q;„ 



to finally find 



Q^n — S . . \i( 1) J 

(1/s — n)! 



(21) 



where the initial conditions ao = 1 and /3o = were 
considered. 

Adding all the terms in ([T5| and considering (PT|) and 
we obtain 



J" (l-se)i/"[x"+ie"D] 



(23) 



One can check from equations and that the 
canonical relations 



still hold. 



B. Non Linear Lorentz Transformations. 

Using the expressions for the scaled momenta (fT7|) and 
coordinates (|23p . one can construct explicitly the new 
Lorentz generators from ([6]), 



(24) 



The non-linear Lorentz transformations over the momen- 
tum operators are therefore 



^ p° = A VA. 



(25) 



Associativity of this transformation can be implemented 
in steps, p° = C/(At([/V[/)A)C/t, to give 



p- = [l + 5(e'-e)]-i/^p«'. 



(26) 



where e' is the e function applied over = A" ^p^. 
From ([26| it can be seen that if e is a Lorentz scalar, 
then e — e' and p" = p" . 

In the same fashion, as in the case of p, under non- 
linear Lorentz transformation, x transforms as 

= [1 + s(e' - e)]^/'[x"' - i(e'"' - e"')D], (27) 

where = ade/dpa and e'^ = de'/dpp'. 

Once again, from (|26|) and ()27p . it follows that the new 
operators satisfy the canonical commutation relations 



a/3 
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IV. GENERAL PROPERTIES OF THE 
NON-LINEAR LORENTZ TRANSFORMATION. 

A simultaneous unitary transformation over the mo- 
mentum operators p and coordinates x can be called a 
canonical transformation, just like in classical mechanics. 
This is because it preserves the canonical commutation 
relations ([3]) . This type of transformation can be seen as 
a pasive canonical transformation since the coordinate 
operators in the phase space are transformed and the co- 
ordinates themselves are not. The corresponding active 
transformations occur when only the states are directly 
transformed. 

Let the state \pe) be an eigenstate of with eigenvalue 

p''\Pe)=P^\Pe). (28) 

under non-linear Lorentz transformations, it changes as 

be) ^ Abe). (29) 

To find out how a new state appears we apply p"' as in 

p"A|p,) = A(AVA)lpe) = , ,f , ,n/s ^\Pe)^ 

(30) 

which means that A|pe) is an eigenstate of p" with eigen- 
valus p^ = /[I + se{p'J — e(pe)]^^*- Thus one can write 



Abe) = be 



(31) 



The equivalence of active and passive transformations is 
realized as the invariance of the mean value of p when 
the transformation is carried out, 



{^\pH) O^IpW = (MpW- 



(32) 



According to ([TT]) we can see that it is not possible to 
proceed similarly for the coordinates because the oper- 
ator transforms mixing the coordinate and momentum 
operators. 

An apparent paradox is found here since coordinate 
transformations can be written in such a way that the 
particle spacial coordinates are now a function of its en- 
ergy. This can be explained by considering that, from the 
operator point of view, the new spacial coordinates de- 
pend on the old momenta, so the new and old coordinates 
do not actually commute, although the new momenta do 
commute with their untransformed partners. 



A point in space time is the eigenvalue of the x eigen- 
state, which describes a particle with a well defined po- 
sition. This state, as seen by any other observer, is a 
superposition of the |a;) eigenstates, so it does not have 
a well defined position in the new system. 

A. Velocity Scale. 

From now on we will work with the eigenvalues of the 
momentum operators instead of the operators themselves 
and we will omit the subindex e. From (|26p we conclude 
that the moment eigenvalues satisfy 



p°' 



(33) 



Calling p/p^ the Lorentz velocity v, we have v = v', from 
the linear Lorentz transformation psp can be written in 
terms of the velocities as 

13 -v« ^ V, 



1 - I3v, 



(34) 



where _L and || stand for the parallel and perpendicular 
components of the Lorentz velocities with respect to the 
relative velocity /?, and 



1 



(35) 



This transformation satisfies the addition rule as in the 
conventional relativity, thus the speed of light u = 1 is 
still a natural scale of the theory. To see that more clearly 
one can write (l34l) as 



1 



1 



r2(l-/3t;||): 



r(l-A 



(36) 



From (|36l) we see that if /? < 1 and v < 1 then v < 1. But 
the Lorentz velocity is not the real particle velocity, it is 
only the velocity of the particle in the limit e 0. The 
connection between Lorentz velocity and particle velocity 
will be developed in the next subsection. 

B. Dispersion Relations. 



The function e{p) is given by 
e = e{p) 



l + s{e' -e)' 



(37) 
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where the homogeneity of e (|12p was used. From this 
expression and (j26p one can obtain 



Moreover, from ([37| we get 

? 1 — 
7 1-se' 

therefore (l38ll is written as 



(38) 



(39) 



(40) 



(1 - sty/'' (1 - se)iA 

Squaring both sides of (1401) we find an invariant quan- 
tity, which can be identified as the invariant mass of the 
particle 

This equation also gives us the new dispersion relations; 
that is, a new relation between momentum and energy. 

Despite some discussions in the literature on a proper 
definition of particle speed in the DSR theories, [9|, [lOj, 
in this paper we take the particle velocity as the group 
velocity u = dpa/dp which is different from the Lorentz 
velocity v. Starting from (|4l1) and taking the p derivative 
we find 

'1 - se +p'ei/(w7)^~ 



/ 2 ; ' (42) 

where i — 1,2,3 and = de/dp'^. One can see that if 
|v| — > 1 then 1/7^ — > and |u| 1. This means that 
the particle velocity has the same limit that the Lorentz 
velocity. 

At this point we can calculate all the dynamics of 
the free particle starting from the Hamiltonian, which 
is given hy H ~ / u • dp = p"; nevertheless, in what fol- 
lows we will use the Lagrangian formalism in covariant 
form, which in principle is equivalent. 

C. Energy Scale 

We will now show that these type of models have both 
a momentum and an energy scale. Let us start analyzing 
first the massless particles, that is |v| = 1 or |p| — pq. 
With this in mind and reversing (j40p we can compute 

1 _ _sl_ ^ 1 f _l 



and because e' = e(Ap) and a Lorentz transformation 
with — IpI we have 



.(r(l~/3z;„)) =r^(i-/3«„)^ 



we obtain 



pO' pO 



(44) 



According to (p8| and (|44|) one can see that is an 
invariant for a massless particle; this quantity has length 
units and therefore can be equated to some length Ip that 
could be the same order of the Planck length 



Ip — 



thus is written as 



(se) 



l/s 



[pf^y p T^{i-pv„y \{p"y 



I: 



(45) 



(46) 



If the particle energy in some system satisfies po < 1/lp 
then, in any other system, the energy will satisfy pP < 
1/lp, because r(l — /3W||) > 0. 

For massive particles the energy scale is the same. It 
suffices to note that when the particle energy is increas- 
ing, the Lorentz velocity limit is 1. In this limit the mas- 
sive particle behaves like a massless particle. Then the 
analysis for the massless particle applies in this limit as 
well. From (I45|) we can see that for high energy massive 
particles the quantity se behaves like (IpPoY . Hence it 
is natural to think that, for low energy, se has the form 
{lpPo)^f{v) where f{v) — > I when w -> 1. 

V. COVARIANT LAGRANGIAN 
FORMULATIONS. 

In this section we will find the Lagrangian for free par- 
ticles in some of these models. From the Lagrangian it 
could be possible to make and educated guess about the 
way in which the coordinates transform in those models. 
Actually, the dispersion relations allow us to find the par- 
ticle energy as a function of the particle momentum, the 
only obstacle is that we must deal with a not easily solv- 
able algebraic equation. Nevertheless when s is small it 
becomes easier. In particular, we will concentrate in low 
values 5 = 1 and s = 2. For each value of s we still can 
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choose the function of the Lorentz speed magnitude v. 
For simphcity we only consider functions of the type 
where < r < s then for fixed values of s and r we have 

se^^^riPr, (47) 

and the dispersion relation is 

p^^m\l-i;p^,-^\p\y^\ (48) 

Therefore for s = 1, 2 we have five different models: (1,0), 
(1,1), (2,0), (2,1), (2,1) according to (s,r) as in TableHl 
Here we can identify the model (1,0) with the Magueijo- 
Smohn Model Q 

For each of these models we need to find the conjugate 
momentum coordinates and the Lagrangian based on the 
dispersion relations associated with each model, following 
the procedure given in [l^. The idea is to construct 
the Lagrangian linearly in the velocities, imposing the 
dispersion relation as a constraint through a Lagrange 
multiplier in the following way 

i = i-p-^[p2-m2(l-se)]2/^ (49) 

then, applying the Euler-Lagrange equations for p and 
using the constraint we finally find the Lagrangian as a 
function of the velocities. The results of this procedure 
for some models are shown in the Table ID 



of the effective metric 5^^, to give 

L^m'y/ii%^ (50) 

where m' is chosen in such a way that gij = —Sij. 

In general g^j^ will depend on the mass of the parti- 
cle and could depend on the direction of the vector over 
which it acts. We can propose a Lorentz transforma- 
tion that leaves invariant this metric, A"^^A = g, writing 
g = F^gF we find that A = F-^AF. 

For Example in the models (1,0), (2,0) and (2,2) the 
metric and the F matrix can be written as 

where m' and a are given in the Table HIl 



Table II: Constants of the different models. 



(s,r) 


m' 


a 


(1,0) 






(2,0) 


m 


(l + mHlf/^ = {l + m'XY'^ 


(2,2) 




(1-f m2;2)-l/2 = (l_^'2;2)l/2 



Table I: Lagrangian of the different models. 



{s,r) 



(1,0) 



(1,1) 



(2,0) 



(2,1) 



(2,2) 



Lagrangian 



1 - m?ll 



iy\J ^0 ~ (1 ~ rri^lD-k.^ — mlpXQ^ 



1 + m^l^ 



^'(l + m'^lDxl - - 7nlp\k\J 



L = 



v/1 + 



^ig-(l + m2Z2)x2 



L = 



1 + m%/4 



Xq — m'^lp\x.\xo — x-^ 



^{1 + mHl)±l - x2 



A. Efective Metric. 

Except in the case (1,1) these results suggest that the 
Lagrangians of those models can be written as a function 



The representation in the coordinate space of a Lorentz 
transformation is 



A = 



7 



(52) 



where P|| = /3/3^ is parallel to the velocity projection 
operator and Pj^ = 1 — P|| is the corresponding perpen- 
dicular projection operator. This leads to the following 
velocity addition formula (in two dimension for simplic- 

ity) 



(53) 



this implies that u' depends on the mass of the parti- 
cle. Note that for a photon in any system u = 1, this 
is because the photon is massless and a = 1. In the 
other hand (|53| implies that "together" is a relative con- 
cept because the coordinates of particles of different mass 
transform differently. 
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Finally the particle momentum = dL/dx^ satisfy 
the constraint 

p^r'Pu^o^pl-p' ^m'\ (54) 

It is easy to prove that this relation is equivalent to the 
dispersion relations given in 05] for the three models with 
the respective constants shown in Table |lTl 

B. Quantum Field Theory. 

Something interesting in this kind of theories is the 
fact that there exists a natural Lorentz invariant cut- 
off in the loop integrals which appear to higher order in 
the quantum corrections. Let us first consider a real field 
scalar associated with a free particle. In order to quantize 
the theory the replacement po id/dt and p — > — iV, 
(m' — > m) are made in (1541) and the modified Klein- 
Gordon equation reads 

{a^dl - 4- m^) = 0. (55) 

The Lagrangian for free particle associated to this equa- 
tion would be 

L = i (a2^2 _ (y^)2 ^ ^2^2^ ^ (gg) 

then momentum of the associated field t:{x) = a^4i{x) 
which satisfy the canonical equal time commutations re- 
lations [<P{x),TT{y)]xo=yo = iS^{x~y). 

The Fourier expansion of the Klein- Gordon field is 
therefore 

^(^)=/(2^(«(^)^"^'^^ 

with k = (cjk/a, k) and = vl? + n?, where the a 
operator algebra is given by 

[a(k), a(k')] = 2acjk(5^(k - k'). (58) 

Finally the propagator, in the momentum space has the 
form 

where Im — >■ 0~. 



When the interaction \4> is introduced the one loop 
correction to the scalar propagator is 

(60) 

When this integral is carried out the leading terms will 
contain terms proportional to ^ and ^ ln(£'p/TO). 
Here Ep acts a cutoff. This is somehow natural because 
the theory is invariant under this deformed Lorentz trans- 
formations. Nevertheless we would need a finite renor- 
malization term in order to remove the quadratic and 
logarithmic terms in Ep. At this point we can not pro- 
ceed any further with the radiative corrections. This is 
because it is not known how to add two momenta in order 
to find the vertex correction in this new relativity. This 
kind of problem is highly non trivial and is characteristic 
of all of these theories with two scales. 

VI. CONCLUSIONS. 

An alternative approach to the non-linear representa- 
tions of Lorentz transformations has been introduced; in 
this approach one changes the generators of a scale de- 
formed transformation as in equation ([6]). The deforma- 
tion of the transformation is obtained using momentum 
operator-dependent parameters. When the transforma- 
tion of the operator is calculated in terms of momentum 
eigenstates it becomes clear that this type of representa- 
tions of the Lorentz Group correspond to a double scaled 
invariant models. We have found Smolin's model is one 
of a family of such models, described here. Moreover, 
this type of transformations can be applied to the posi- 
tion operator and it was found that it transforms mixing 
both momentum and position operators, very much like 
a typical canonical transformation in classical mechan- 
ics. From this one can conclude that it is not possible 
to find a coordinate transformation for a particle in this 
model which does not contain the momentum operator. 
The interpretation is that having a precise position in 
space depends on the frame of the observer. If a particle 
appears at a definite position for one observer (occupy- 
ing an eigenstate of the position operator in that frame) 
it appears for another observer, in relative movement, 
as having a position which is the combination of differ- 
ent eigenstates of the position operator. A covariant La- 
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grangian formulation of this relativistic models has been 
presented as well. This allows us to study this mod- 
els introducing an effective metric which has a depen- 
dency on the mass of the particle. Advancing in this 
program we present a second quantization of a spinless 
particle in this conditions, invariant under the transfor- 
mations foimd above. This theory, in principle, should 
be finite since the integrals in the momenta can be prop- 
erly re-normalized. This is possible because the second 
scale of the theory implies a cut-off for the momenta of 
the particles in the quantized version of the model. Al- 
though there appear some quadratic terms on the energy 
scale they could be removed as well using renormaliza- 
tion again. Vertex corrections arc a problem since the 
addition rules for the momenta in these models is not 
well understood and therefore vertex corrections are yet 
to be calculated. Double scaled Lorents transformations 



are an interesting approach to understand a fundamen- 
tal length scale in nature. This work advances that un- 
derstanding and proposes a whole family which system- 
atically introduces those models, although several prob- 
lems persist. More research would be needed to find for 
example non-linear Lorentzian transformations extended 
to include more parameters in the scale transformations 
that can depend on the coordinates. With this one would 
obtain a length, instead of an energy, cut-off. 
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